MATH 6390 PRESENTATION NOTES: LIE GROUPS AND
RICCI FLOW

ZIYANG QIN

1. INTRO

Consider the Ricci flow equation:

(1.1) % = —2Rc(g).

For example, we write it out in 3 dimensional euclidean frame.

Ry = 4 EL. ~ I
i 29 oxtOxk ~ Oxioxk  Oxkox!  OxiOx’

+ gklgpq (Ffzfgk - FZZF%) ;
where the Christoffel symbols are:

Tk — lgkl 9gu 1 dg;1 _ 99i
72 Oxd ~ Ozt Oxt )
So equation is a system of 6 coupled and nonlinear partial differential

equations. Which is impossible to be solved directly.

1 k;z( 3291'1 32%1 329@7 32%1 )
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2. LIE GROUPS AND LEFT-INVARIANT METRICS

Definition 2.1. A Lie group G is a C*™° manifold that also has the structure
of a group, such that the group operations:

p:GxG—G, plor)=0-7"

are C>° maps.

For any o € G, we define:
e Left translation: o7 : G — G, o(17) =0 - T,
e Right translation: og : G — G, og(7) =7 - 0.
These maps are diffeomorphisms of G.
Definition 2.2. A vector field X on G is called left-invariant if for every

o€ G:
(UL)*X = X.

This is just the pushforward of X by left translation equals X itself.

A left-invariant vector field is determined by its value at the identity e € G.
In other words, if X, € T.G, then we can define:

XO- = (UL)*Xe-
This gives a one-to-one correspondence between left-invariant vector fields and

tangent vectors at the identity.

Definition 2.3. A Riemannian metric g on G is called left-invariant if for
every o € (G, left translation o, is an isometry:
(or)9=9.

A left-invariant metric is determined by an inner product on the Lie algebra
L = T.G. For example, if we fix a basis {Ey, ..., E,} for L, then the metric
at any point is determined by the constant matrix:

9ij = (Ei, Ej).
Recall in Riemannian geometry, we have a unique torsion-free, metric-

compatible connection - the Levi-Civita connection. For general vector fields,
this is given by the Koszul formula:

VXY, Z) = XY, Z) +Y(Z,X) — Z(X,Y)

(2.1) —(X,Y],Z2) +([2.X].Y) + ([, Z], X).
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Lemma 2.4. If X,Y, Z are left-invariant vector fields on a Lie group with a
left-invariant metric, then the function (Y, Z) is constant. Consequently:

XY, 2)=Y{(Z,X)=Z(X,Y) = 0.

Proof. Since Y and Z are left-invariant and the metric is left-invariant, for any
oeG:

(Yo, Zo) = ((01)+Ye, (01):Ze) = (Ye, Ze),
where the last equality follows because oy, is an isometry. Thus (Y, Z) is
constant. 0

Applying this to the Koszul formula @:

Lemma 2.5. If X,Y, Z are left-invariant vector fields on a Lie group with a
left-invariant metric, then:

(2.2) (VxY, Z) = % (X, Y], 2) = (X, 2], Y) = ([Y, Z], X)) .
Proof.
AVY, Z) = —(IX,Y], Z) + (12, X],Y) + (¥, 2], X)
= (X, Y], 2) = ([X, 2],Y) = (V. Z], X),

where in the last step we used the antisymmetry of the Lie bracket and the
symmetry of the inner product. U

The Levi-Civita connection now can be computed using only the Lie bracket
and the inner product on the Lie algebra L.

Definition 2.6. The Riemanian curvature tensor is defined by:

Rm(X,Y)Z =VxVyZ - VyVxZ - VixyZ.
Substitute our connection formula directly into this definition:

Lemma 2.7. For left-invariant vector fields X,Y, Z, W :

(23) Rm(X,Y)Z, W) =(VxZ,VyW) = (VyZ,VxW) = (VixyZ,W).

Proof. By definition:

(Rm(X,Y)Z, W) = (VxVyZ, W) = (VyVxZ, W) = (Vixy1Z,W).

Use the metric compatibility of the connection:

(VxVyZ W)= X(VyZ W) —(VyZ VxW),

and similarly for the other term. Since (VyZ, W) is constant (as all vector
fields are left-invariant), its derivative vanishes. O]
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For sectional curvature computations, the most useful form is:
Lemma 2.8. For left-invariant vector fields X,Y :
(24) <Rm(X, Y)Y, X> = <V)(Y, VYX> - <VY}/, VXX> - <V[X,y}Yv, X>

Definition 2.9. A Riemannian metric on a Lie group is called bi-invariant if
it is both left-invariant and right-invariant.

Bi-invariant metrics have particularly elegant properties. First, we need a
technical lemma:

Lemma 2.10. If g is a bi-invariant metric on G, then every left-invariant
vector field is a killing vector field.

Proof. A vector field X is Killing if the Lie derivative of the metric with respect
to X vanishes: Zxg = 0. For a left-invariant vector field on a group with bi-
invariant metric, this follows from the fact that the flow of X consists of right
translations, which are isometries. [l

Lemma 2.11 (Connection Formula for Killing Fields). If X,Y, Z are Killing
vector fields, then:

(2.5) (VxY,Z) = % (X, Y], 2) + (X, 2], Y) + (Y, 2], X)) .

Proof. Since Y is Killing, we have:
(VxY, Z) +(V2Y, X)=0.
Similarly, since X and Z are Killing:
(Vy X, Z)+(VzX,Y)=0, (VxZ,Y)+(VyZ X)=0.
Now consider the sum:
((X,Y],2) + (X, 2],Y) + ([Y, 2], X)
=(VxY =V X, 2)+(VxZ -V X,Y)+(VyZ -VY, X)
=(VxY,Z) = (Vv X, Z)+ (VxZ)Y) = (V2 X, Y) + (Vv Z,X) — (VY X).
Rearranging and using the Killing field identities:
=(VxY,Z) +(VxZ, YY)+ (VyZ, X) = (VyX,Z) — (VzX,Y) — (VzY, X)
=(VxY,Z) = (VxZ,)Y)+ (VyZ, X) +(Vy X, Z) — (V2 X,Y) + (V2Y, X)
=2(VxY, 7).
O
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Lemma 2.12. Let g be a bi-invariant metric on G. If X,Y, Z,W are left-
invariant vector fields, then:

(1) The Levi-Civita connection is given by:

(2.6) VY = %[X, Y],

(2) The Riemann curvature tensor satisfies:
27 (Rm(X,Y)Z,W) = }1 (X, WY, Z]) = (X, 2], [Y, W])) .

Proof. (1) For a bi-invariant metric, we have both formulas (2) and (5).
Adding them together:

2<VXK Z> +2<VXK Z> = <[X>Y]’Z> - <[X7 Z]’Y> - <[Y7 Z]7X>
+ (X, Y], 2) +([X, 2].Y) + ([Y, Z], X)
— 2[X, Y], 2).

Thus (VxY, Z) = 3([X,Y], Z) for all Z, which implies VxY = $[X,Y].
(2) Using the connection formula and the definition of curvature:
Rm(X, Y)Z = vayZ — Vyvxz — V[Xy]Z
1 1 1
= _[X7 [Yv Z“ - _[Yv [Xv Z]] - _[[X7 Y]? Z]
4 4 2
Now use the Jacobi identity:
(X, [V, 2]+ [V, [2, X]] + [Z,[X, Y]] = O,
which implies:

[X7 [Y7 Z“ - D/u [Xu Z]] = [[X,Y],Z]

Substituting this in:

Rm(X,Y)Z = i[[x, Y], Z] - %[[X, Y], 2] = _i[[x Y], Z].

Y

Taking the inner product with W:
1

Now use the following property of the metric:

((X,Y],2) = (X, [V, Z]),
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to get:
<HX’ Y]7Z]’W> = _< ’HX7 Y]’WD
= _<[X7 Y]7 [Z’ W]>
= _<[X7 W]? [Y7 Z]) + <[X7 Z]7 [Y, W]>7

O

Corollary 2.13. A bi-invariant metric on a Lie group has nonnegative sec-
tional curvature.

Proof. For sectional curvature, take 7 =Y and W = X:

(Rm(X, V)Y, X) = = (([X, X], [V, Y]) = ([X, Y], [Y, X]))

1
1
= (X YLIY, X))

1
= 2l Y] 2 0
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3. ApprLicATIONS: Ricct FLow oN 3D LiIE GROUPS

Now we apply the theoretical machinery to study the Ricci flow on 3-
dimensional unimodular Lie groups. The symmetry reduces the PDE to a
system of ODEs.

Definition 3.1. A Lie group G is called unimodular if its volume form is
bi-invariant. For 3-dimensional unimodular Lie groups, there exists a special
left-invariant frame called the Milnor frame.

Let {f1, fo, fs} be a Milnor frame with dual coframe {n*,n? n®} such that
the Lie brackets satisfy:
(3.1) [fos fs] = A1 [fss il = nfas [frs fo] = v fs,

where A, i, v € {0, +2}.
Consider a left-invariant metric that is diagonal in this frame:

(3.2) g=An'®@n' +B*en’ +Cn’en’,
with A, B,C' > 0. The orthonormal frame is given by:
1 1 1
€1 = ﬁfla €2 = ﬁﬁ’ €3 = ﬁf&

Lemma 3.2. In the orthonormal frame {e;, e, €3}, the Lie brackets become:

AVA
)= aBe
e, e1] = ﬁez;
VABC
vV/C
le1, €9] = \/ﬁeg.
Theorem 3.3. The sectional curvatures are given by:

— 2 —
(uB —v(C) +/\2;1,B+21/C 3AA

€1,

KlexNes) = —p5 ABC ’
_ (vC = NA)? 2vC +2)\A - 3uB

Klesher) =— g *n 1AC !
(M —uB)? 20A +2uB — 3vC

KlexNex) = —rpa—+v 1AB

Proof. We compute using Equation @
For example, for K(es A e3) = (Rm(eq, e3)es, e2), we need to compute:

<Veze37 v6362> - <v63637 v6262> - <v[62,63]637 €2>'
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Using the connection formula and the Lie brackets from the previous lemma,
we obtain the result. See Appendix @ O

Corollary 3.4. The Ricci tensor is diagonal in the {e;} frame:
(AA)? — (uB —vC)?

(3.3) Re(ey,eq) = SABC :

B)? — (vC' — \A)?

(3.4) Re(es, &) = H2) 214(130 ©

v(C)? — (M — puB)?

(3.5) Re(es, e5) = E) 215130 nB)”
Proof. Since the frame is orthonormal, Rc(e;, e;) = >, (Rm(e;, ex)ex, e;). The
formulas follow from summing the appropriate sectional curvatures. 0]

The unnormalized Ricci flow % = —2Rc(g) gives us:

Theorem 3.5. The metric coefficients evolve according to:

dA _ (uB - v0)® — (AAY?

(3:6) dt BC ’
dB  (vC — AA)? — (uB)?
(3.7 dt AC ’
dC (M —uB)? — (vC)?
(38) dt AB '
Proof. Since g(er,e1) = 1, we have 2g(ej,e;) = 0. However, the metric
coefficients A, B, C' in the Milnor frame satisfy:
dA dB dC
% = —2R,C(61, 61), % = —QRC(GQ,GQ), % = —2R0(63,€3).
Substituting equations (@)—(@) gives the result. O

Ezample 3.6 (Ricci Flow on SU(2)). For spherical unitary group SU(2), we
have A = yu = v = —2. The Ricci flow equations become:

dA _4B-CP—aA* _ (B-C) - A

dt BC - BC ’
dB _4(C—A)2—32
dt AC ’

i _ (A= B -
dt AB '
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For the normalized Ricci flow (where we maintain constant volume), the
equations become:

%_A(A(B+C—2A)+(B—C)2),
%:B(B(A+C—23)+(A—C)2)>
%:C(C(A+B—2(J)+(A—B)2)-

Theorem 3.7. For any left-invariant initial metric gy on SU(2), the normal-
ized Ricci flow converges to a constant positive sectional curvature metric as
t — 00.

Sketch of Proof. Assume without loss of generality that A(0) > B(0) > C(0).
We can show:
(1) C(t) is non-decreasing and bounded below by C(0) > 0
(2) A(t) — O(t) decays exponentially: A(t) — C(t) < (A(0) — C(0))e "k for
some k > 0
(3) By volume normalization (ABC constant), all three functions converge
to the same positive limit

Thus the metric converges to a round metric. 0

Ezample 3.8 (Ricci Flow on the Heisenberg Group (Nil)). For the Heisenberg

group, we have A\ = —2, y = v = 0. The Ricci flow equations simplify
dramatically:

dA  —4A% A?

dt  BC T BC

Y .

a  AC C’

dC 4A* A

dt ~ AB B

Theorem 3.9. The solution exists for all time and exhibits collapse: the
diameters grow like t'/% while the sectional curvatures decay like t~*, so |sec| -
diam® — 0 as t — co.

Proof. We can solve the equations explicitly. Notice that:

d A d A d A
D og A= -4 Lep=—a4t Lo =4l
a8 BC'  dt B 5o a°eC=15a
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Thus B/C, AB, and AC are constant. We find:

A 1 (BCy N\
B_C(t)_ﬁ<12Ao+t) ’

and the metric coefficients satisfy:

A B(t) _C1) _ (1 L 124 t) "

A - By Gy ByCy

O

Thus the solution collapses as time tends to infinity(The metric become
more and more alomst flat).
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APPENDIX A. CALCULATIONS OF SECTIONAL CURVATURE

Calculate K (es A e3) = (Rm(eq, e3)es, es) using the formula:

(Al) <1%II1()(7 Y)Y, X> = <VXy, VyX> - <VY}/, VXX> - <V[X7y}YV, X>
Set X = ey and Y = e3. We’ll compute each term separately.

A.0.1. Ve3 and V,es. Using the connection formula for left-invariant vector
fields:

(Veej,ex) = % (([ei, 5, ex) — (leis exl, e5) — (lejs exls €:))
we compute:
(Veses,61) = % (([e2, €3], e1) — ([ea, e1], €3) — ([es, e1], €2))

1 /AA  wCN B
2\ D D D
where D = v/ ABC. The other components vanish:

<V62637 62> = 07
0.

<v€2637€3> =
So: .
Ve,€3 = E(AA +vC — uB)e;.
Similarly:
1
(Vegez, e1) = 2 ((les; ea], e1) — ([es, e1], e2) — ([ea, e1], €3))
1/ XA B N vC
2 D D D
1
= E(—/\A —uB +v(C),

and other components vanish. Thus:

1
v63€2 = E<_>\A — /JJB + VC)el.
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A02 <V€2€3, Ve3€2> .

1 2
(esersVaser) = (55 ) (VA +0C = B)(-AA = B +C)
1

= _4ABC()\A+UO_MB)(>\A+MB_ v(C).

A.0.3. (Ve,es, Ve,e2). We claim that V.,e; = 0 for any i. For i = 2:

<V62€27 €1> - _<[62a 61]7 62> - 07
<Ve2€2, €2> - 07
(Ve,e2,63) = —([ea, €3], €2) = 0.
Similarly, V.,es = 0. So:
<V6363, v6262> = 0

A.0.4. (Vieyeq)e3,€2). First, [es, e3] = %61'

1
(Ve e3,62) = 3 ((le1, es], e2) — ([e1, ea], e3) — ([es, ea], 1))
_1( wB vC A
2 D D D
1
ﬁO‘A —puB —v(C)
Thus:
1
Ve €3 E(AA — uB —v(C)es
Then:
AA
v[62,63]63 = fvele?)
M1
=75 ﬁ(/\A —uB —vC)eq
A
= 2ABC()\A — uB —vC)es.
So
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A.0.5. Combine All Terms.

K(62 A 63) = <v€2637 ve3€2> - <V€3€37 v6262> - <v[€2,€3]€37 €2>
1
= —4ABC()\A—I— vC — uB)(AMA + uB — vC)

AA
- 2ABO(/\A—MB —v(C).

Let X =MA, Y = uB, Z = vC. Then:

K<62 A 63) =

~ipe (X +Z-V)(X +Y = 2) +2X(X -V — 2)
— 1 2 2 2 2
= —ipe XY - 22+ 2YZ 2X° - 2XY — 2X 7]

1
=~ 1ABC [3X% —Y? - 7% —2XY —2XZ 4+ 2Y Z]
_ =3NA? 4 PB4+ v*C? + 20 uAB 4 20\ AC — 2uvBC

4ABC

Rearranging we have:

B — 2 2uB 4 2vC — 3MA
(1 vC) L2 +2vC 3)\.

Klex Nes) = —pa ABC

13
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